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Determination of the Kinetic Parameters for the Crystallization of Paracetamol
from Water Using Metastable Zone Width Experiments

Zoltan K. Nagy,*'' Mitsuko Fujiwara, * Xing Yi Woo,* and Richard D. Braatz*

Loughborough Uniersity, Chemical Engineering Department, Loughborough, LE11 3TU, United Kingdom, and
Department of Chemical and Biomolecular Engineering, dénsity of lllinois at Urbana-Champaign,
600 South Mathews&nue, Urbana, Illinois 61801

A new approach for the estimation of kinetic parameters of crystallization from data obtained during the
determination of metastable zone width is presented. The method is based on a simplified dynamic model of
the system, which combines the population balance and mass balance, as well as information provided by
concentration and particle size distribution measurements using ATR-FTIR spectroscopy and laser backscat-
tering to determine simultaneously the nucleation and growth parameters from the experimental data. The
application of the proposed approach is illustrated for the cooling crystallization of paracetamol from water.
The technique is compared to existing approaches for the determination of nucleation parameters from
metastable zone width experiments and is used to corroborate the assumptions used in the classical approaches.
The key conclusion is that the assumptions made in the existing approaches, which simplifies the parameters’
estimation procedure, can result in substantial error in the nucleation kinetics.

1. Introduction metastable zone width and supersaturation rate) to estimate the
L L . L parameters. Such assumptions could lead to inaccurate model
Crystallization from solution is an important purification . meters. In addition, the determination of the metastable limit

prc#:es_s inhthe m_anufactgringh of pharrra?ezticals. Blesidesvaries with the detection methods udhich can also increase
achieving the desired purity, the control of the crystal size ¢ ncertainties of the estimated parameters.

distribution (CSD) of the pharmaceutical product is critical for As the nuclei have to arow to a detectable size at the
efficient downstream operations and product effectivefess. L °9 . .
metastable limit, both primary nucleation and growth kinetics

For batch cooling crystallization, the final CSD is determined . . . I

by the supersaturation profile. Hence, the control of CSD should be S|mult§neously con§|dered in the parameter estlmgtlon

involves designing an optimal model-based cooling trajectory proceplure. Be_5|des measuring the metastable zone width,
experimental information of the solution and solid phase

to create the supersaturation profile requifetiSuch model- obtained in situ during the crystallization process is required to
based control strategies and the resulting performance are 9 y P a

strongly sensitive to the uncertainties of the modéL As a estimate the nucleation and growth parameters within an

consequence, the development of a model that can adequatel cceptable level of uncertainty. This is now possmrlpg by the

describe the process and the ability to accurately estimate the ecent advances made in the process sensor techridicgy. .

parameters in the model is of paramount importaiéd? Using such sensors, concentration measurements and particle
. . R . . size information can be collected during the experiments.

The final CSD in a batch crystallizer is determined by various . . . . .

kinetic processes, which include primary and secondary nucle- This article describes a more rigorous approachitaulta-

ation, crystal growth, aggregation, and breakage. Because Jreously estimate the .nucleatlo.n and growth kinetics from

complete theoretical model for crystallization kinetics does not Metastable zone experiments using a model of the crystallization

exist, primary nucleation and growth rates are usually expressedPr0cess with dynamic population and mass balance equations.
as empirical (or semiempirical) power-law equations with Experimental data obtained from in situ measurements of the
supersaturation as the independent vari#bi. The parameters ~ Solution concentration using ATR-FTIR spectroscp¥ and

of these expressions can be obtained by applying optimization'n situ meas.uregr;ents of the pamcle size information using laser
techniques to fit the model predictions with experimental 8ata, Packscatterin=° are used to identify the parameters in the
In particular, estimating the parameters of the primary nucleation M0del. This approach is applied to the determination of the
kinetics accurately has been a challenge, as it is impossible toCrystallization kinetics of paracetamol from water. The identified

detect the presence of nuclei, which are in the subnanometerMde! is then used to assess the existing approaches for
range as soon as they are formed. identifying nucleation kinetics from metastable zone width

The primary nucleation kinetics can be estimated from experiments.
measuring the metastable zone width for different cooling rates Because the determination of the metastable zone is usually
and solute concentratio%15-17 The main advantage of these & necessary step for batch crystallization operation, the kinetic
approaches is the S|mp||c|ty of the experimenta| procedure_ parameters can be obtained without additional eXperimentS
However, various assumptions are made to express the nucleduring the development of the batch crystallization process.

ation rate as a function of the measured variables (i.e., the However, the uncertainty in the estimated kinetic parameters
in this proposed method is still relatively high. Therefore, this

approach is proposed as a complement to the batch model
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222516. E-mail: Z.K.Nagy@Iboro.ac.uk. identification techniqué'.,24 for example, to serve as the initial
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2. Estimation of Nucleation Kinetics from Metastable nucleation occurs when sufficiently high supersaturation is
Zone Experiments reached, and heterogeneous nucleation occurs due to the
presence of foreign particles at a lower supersaturation. Mers-

The metastable zone is a region bounded by the solubility manrt? expresses the rate of heterogeneous nucleation as

curve and the metastable limit, where the solution is supersatu-

rated but spontaneous nucleation does not occur in sufficientl

short timel.Ig The metastable limit can be determined by theyB = 0.965p,.Ds(NAC)”¥(C*C)"*S°/f In(CJC¥) x

polythermal method?'8in which the solution, slightly above ;{ (In(CJC*)) 3)

its saturated temperatuiig, is cooled at a constant rate until exgd —1.14 ——————] (6)

crystals are detected. The induction timigy) is defined as the (In(9)?

period between the instant when the supersaturated state is

generated and the time instant when the particles becomewhere gnet is the heterogeneity factoDag is the diffusion

detectable, with sizeq corresponding to the temperatiFget coefficient, Cc is the molar density of the crystaN, is the

In this section, three approaches for the determination of Avogadro numberf is the reduction factor, an8 = C/C* is

nucleation kinetics from metastable zone width experiments arethe supersaturation ratio. The values foange from 0.1 to 1

presented. The first two methods are obtained from the existingand ¢net is approximately 10~ Equation 6 is also valid for

literature, whereas the third method is a new approach basedhomogeneous nucleation whemet = 1 andf = 1.

on a simplified but generic model of the crystallization systems,  An approach to determine the kinetic parametersg; andf,

which captures simultaneously the effects of the nucleation andis proposed by Kim and MersmaAh.The induction time is

growth processes. written as a function of maximum undercoolin@Tmay OF
Method 1. In this classical approach, Ny¥tconsiders a maximum supersaturatiom\Cnay), and constant cooling rate

system where supersaturation is achieved by moderate cooling(3),

It is assumed that the nucleation rate at the beginning of

nucleation is equal to the supersaturation rate for a limited period AT o (dC\-1 AC

of time during which the growth of the just formed crystals is ting = B ( ) 3 (7)

neglected. The primary number nucleation rate is given as a

function of maximum supersaturatioACmax = Cmax — C*) at

the metastable limit,

dT

It is further assumed that the supersaturation increases
proportionally with the supersaturation rate durtng ti,g, and
B= kbACb 1) the mass nucleation rate equals the supersaturation rate. Using
max H H
the power-law relation in eq 1, the number of crystals formed

wherek, andb are the kinetic parameters, whereas the primary SPontaneously from = 0 to tig can be expressed as
mass nucleation rateBg,) used in Nyvlts's approach can be
expressed as, N AC

, b+ 1kCLS
By, = kok oL PACh, = KACD @) KCebs

where k, is the kinetic parameter with respect to the mass ~ The primary nucleation rate during < ting is then ap-
nucleation ratek, is the volume shape factdrg is the size of ~ Proximated by
the detectable nucleus, apglis the mass density of the crystal.

(8)

The maximum supersaturation can be expressed in terms of the B= N 9)
maximum undercoolingX Tmay), ting
AC = dcx AT, 3 ini [ i
max — | g7 | max 3 By combining egs 69 at maximum supersaturation where

C* = Cp (Cre is the equilibrium concentration at the
whereC*(T) is the equilibrium concentration of the solute. On metastable limit), it is possible to estimagge, b andf.
the basis of the assumption that the nucleation rate is equal to Method 3. The aforementioned two approaches use several

the supersaturation rate, assumptions, which can significantly affect the accuracy of the
kinetic parameters obtained. The following approach avoids
B, = dﬁﬁ (4) these assumptions by applying a simplified but generic dynamic
dT model for the crystallization process to estimate the kinetic
parameters.

wheref = —dT/dt is the constant cooling rate. Combining eqs
2 and 4, the linear dependence of the maximum undercooling

on the cooling rate is obtained for constali@*/dT. . .
the complete CSLCIy(L, t). A computationally efficient method
dC* to solve for the PBE is to use the moment transformation, which
In(s) = (b— 1)|n(ﬁ) *in(k) +bIn(AT,)  (5) computes the average and total properties of the solid phase.
Thejth moment, when only one characteristic size is considered,
From the measurements of metastable zone width at variousijs defined by
cooling rates, it is possible to obtain the kinetic parameters for
primary nucleation. Because growth of nuclei is not taken into e
account, this method gives the apparent nucleation parameter = ﬁ) Lfa(L, dL (10)
rather than the true parameiér.
Method 2. Without the presence of crystals, the formation wherefy(L, t) is the crystal size distribution,is the time, and
of the solid phase is due to primary nucleation. HomogeneousL is the crystal size. Hence, it is possible to obtain a complete,

The crystallization process is described by the population
balance equation (PBEJ.The solution of the PBE provides



yet simple, model for the crystallization process by considering
the first four moment equations and the mass balance equation

o B

iy Gu, + Bry

iy | =12Gu; + Bry’ (11)
f3|  |3Gu, + Bry®

IC I_PcK/(3Gﬂ2 + Br03)|

where C is the solution concentration expressed in mass of
crystal per unit mass of solvent, amglis the crystal size at
nucleationB andG are the primary nucleation and growth rates
respectively, which are described by power-law kinetics

G = kAC (12)

B=k,AC" (13)
whereB is the same nucleation rate as in eq 1 defined on a
number basis.

For unseeded systems, the initial condition for eq 11 is given
by ui(0) =0 (i = 0, 1, 2, 3), andC(0) = Ci. The size of the
nuclei is considered negligibley= 0). The consideration of
primary nucleation as the dominant form of nucleation is valid
fromt = 0 to a short period afterq, where the surface area of
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with ky, = 31, K; number of Ny x Ng) sensitivity matrixes,

My = % 17)

with k = 0, ...,K|. The precision matrixK), covariance matrix
(V) are given by

P=(MgM,) " (18)

V=sP (19)
where the residual variance (assuming that it is equal to the
measurement variance) is given HS/Z JesfNas, With Ngr =
Ny(kne, + 1) — Ny — 1 being the number of degrees of freedom.
The confidence intervals are calculated using the t3est,

0= 0 + t,,, v diag(V)

where § is the nominal parameter vector, ahgy, is thet
distribution withNgy; degrees of freedom. The 95% confidence
intervals are obtained fax = 0.05. For Methods 1 and 2, the
confidence intervals were calculated applying a similar approach,
but using the corresponding model outputs and measurements
at a single time step (induction time) in each experiment.

(20)

the crystals are not large enough for substantial secondary3. Experimental and Theoretical Assessment of the

nucleation to occur.

To estimate the four kinetic parametets, (b, kg, g), the
experimental data are fitted to the output of the model
(concentratiorC and moment ratiogi/uo, u2lto, andusluo) by
the nonlinear least-squares technique. The experimental dat
used includes the measurements from the ATR-FTIR and

focused beam reflectance measurement (FBRM) during a short

period aftertiyg.

The estimation of the model parameters requires the solution
of a nonconvex, nonlinear programming problem, which was
solved using a sequential approach. In this approach, the
objective function is calculated in the discrete time poigfs
<ty < ... <tk with | =1, ...,Nex (Nex being the number of
experiments) and the number of discrete time points in
experiment, and the estimation problem is formulated as

Nex
Min { Jpq=
0 &

subject to model equations (11) and

KNy
> > {0t 0) = Y)Y (14

K=0i=

Orin < 0 =< 00y (15)
whereNy is the number of measured model outpyls ¥~ are
the experimental value$, is the model parameter vector with
Np elements and boundk,i, andfnayx respectively. In the case

of Method 3,y = [C, ua/uo, u2luo, usluc) and 6 = [ky, b, kg, g

a

Approaches

The model system studied is the cooling crystallization of
paracetamol (PCM) from water. The solubility of paracetamol
in water (g PCM/g water) as a function of temperature (in K)
Is given by?8

C*(T) = 1.5846x 10 °T?— 9.0567x 10 °T + 1.3066 (21)

Paracetamol (4-acetamidophenol, Aldrich) and degassed,
deionized water were used to prepare the solutions, and the
experiments were conducted in a 500 mL jacketed round-bottom
flask. The solution was agitated by a magnetic stirrer. The
Lasentec FBRM was used to detect the metastable?firitd
to measure the chord length distribution (CLD) of the solid
phase, which was used to estimate the particle size distribution.
The in situ solution concentration was measured using ATR-
FTIR spectroscopy as described previod8li£or comparison,
the nucleation points were also detected using the ATR-FTIR
data (change in concentration) as well as by the naked eye (cloud
formation). Two series of metastable zone experiments were
carried out. The first batch consists of five sets of experimental
data (StS5) obtained at slow cooling rates in the range 3.22
4.03°C/h using different initial paracetamol concentrations. The
second series of data contains 17 sets of experimentsKE7)
performed at a constant fast cooling rate of “®h (0.5°C/
min) using different initial concentrations. Figure 1 illustrates
the metastable zones (MSZ) for the two set of experiments. As
expected, for the fast cooling rates the metastable zone width

were used. To evaluate the robustness of the identified model,js |arger than that for the slow cooling rates. For the slow cooling

the confidence intervals of the estimated parameters wererates, the cloud points detected by the FBRM, ATR-FTIR, and
calculated. The measurement matrix is given by the block matrix naked eye are also shown in Figure 1. All three detection

methods indicated very similar metastable zone widths, therefore

M(,0 for the sake of simplicity, for fast cooling rates only the cloud
ML points detected by the FBRM are presented. The MSZ corre-
M, = . o (16) sponding to the fast cooling rates also shows larger uncertainties.
) k Table 1 shows the experimental conditions, the obtained
My e metastable zone widths (in terms of maximum undercooling,
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0.04 T T T T T — %% Using the additional data from the fast cooling experiments
—+— Solubility (F5—F17) significantly improves the quality of the prediction
¢ MSZ slow (eye) A (Table 4, part b of Method 1), but the confidence intervals of
+ MSZ slow (FBRM) * the parameters are still large (Table 2). This is not surprising
o MSZ slow (FTIR) beca_use meta_stable zone W|dths for various coo_hng rates are
required to estimate the nucleation parameters using Method 1.
MISZ St (EERNY Method 2. This method leads to large errors in predicting
the metastable zone widths for both slow and fast cooling rates
(Tables 3 and 4) from the experimental data used. On the basis
of the variance of repeated experiments, errors around 50% are
expected. Hence, such large errors are not unacceptable. The
large confidence interval obtained when estimating both pa-
rameters Inflf+1)@ne] andf (part a of Method 2) indicates that
0.01 ) ) ) ) ) ) the reliability of the parameters is low. As the different
15 20 25 30 35 40 45 50 parameters are sensitive to different ranges of experimental
Temperature (°C) conditions, it is not possible to simultaneously estimate both
Figure 1. Experimental solubility curve and metastable zone limits for parameters using the same set of experimental data{S)L
B o Moy e e 1 v T (o O e pasi ofthe confidence tervl shown in Table 2 he
polynomials fittec?to t%e )éxperimental points) that show the metastable limits sensitivity of the parameter Irtiﬂ?l)(phe.a is much S.ma”er than
for the slow and fast cooling rates, respectively. that of f. Hence, the parametéiis estimated again (part b of
Method 2) by considering thdt = 6.23 (from Method 3) and

e
=
@

0.02p

Concentration (g / g water)

Table 1. Experimental Conditions and Measured Data @ret = 107111333 A significantly smaller confidence interval
exp. B (°Clh) Ci(g/lgwater)  ATmax(°C) Lg (um) for f is obtained, but there was no reduction in the error for the
s1 3.8 0.030 >3 95 predicted metastable zone widths. The small reduction féctor
S2 3.4 0.015 5.3 18.4 obtained in both cases, indicates that the nuclei have a strong
S3 3.2 0.020 4.6 16.5 affinity (small contact angle) to the surface of foreign particles
S4 4.0 0.018 6.6 17.4 present in the systefd:34
S5 3.9 0.025 3.3 10.0 Method 3. This method gives the nucleation parameters
Fl 30.0 0.020 10.7 97 within acceptable confidence intervals, and provides a good
F2 30.0 0.017 9.2 75 ) e ) .

F3 300 0.015 86 78 estimate of the growth kinetics (Table 2), which are in good
F4 30.0 0.014 8.7 6.9 correlation with data reported in the literatdfevioreover, all

of the parameter values obtained with this approach are

ATmay, and average particle sizekg) at the induction time physically realistic. The obtained model is able to estimate
ting, for the first set of experiments and for selected experiments reasonably well the metastable zone width and average crystal
from the second set. The data presented in Table 1 also showsize at the induction time for most of the experiments (Tables
the effect of the cooling rate on the size of nuclej)( Crystals 3 and 4).
are significantly smaller overall for the fast cooling rates than  Figure 2 shows the experimental data and the model predic-
for the slow ones. This is in correlation with the nucleation tion for experiment S5. A reasonable fit around the metastable
theory and practical observations that indicate that applying very zone can be observed. The difference between the model
fast cooling rates can result in a large number of small nuclei prediction and the experimental data increases with time, which
due to the higher supersaturation at which the critical cluster is partly caused by the error from the estimation of the moments
forms32 The data from experiments FF4 are used to test the  of the CSD from the experimental CLD. In this approach, the
models obtained and are excluded from the parameter estima-CSD is obtained from the CLD by considering spherical crystals.
tion. Microscopic analysis revealed that the crystals at induction time

The parameters estimated from the three methods are sum-are hexagonal, which were approximated as spheres, within
marized in Table 2, and the predicted metastable zone widthsacceptable errors. However, the aspect ratio of the shape of the
are presented in Tables 3 and 4. The following analyzes evaluatecrystals changes as they grow. Thus, the CSD estimated based
the accuracy of the parameters estimated from the three differenton equivalent diameters can be significantly different from the
approaches. actual CSD. Different nucleation mechanisms (e.g., secondary

Method 1. When only experimental data for slow cooling nucleation) could also come into effect in the experiments,
rates (S+S5) are used to estimate the parameters with this increasing the uncertainty in the identified model.
method (part a of Method 1), the model obtained is unable to  Figure 3 shows the simulated nucleation and growth rates
predict the experimental data for the fast cooling. The average obtained using the conditions of experiment S5. The nucleation
absolute relative error obtained is more than 165% (Table 4). rate is very small for a long period of time after the supersatu-

Table 2. Results of the Parameter Estimation Using Different Approaches (95% Confidence Level)

method b In(kp) g —In(ky)
Method 1a (based on 1.29+2.73 6.49+ 16.90 - -
experiments StS5)
Method 1b (based on 271+ 1.74 2.81+ 2.80 - -
all experiments except FIF4)
Method 2a (estimating f=0.0070+ In[(b+1)@ne] = - -
2 param. based on SB5) 0.0350 —16. 03+ 208.9
Method 2b (estimating f=0.0054+ - - -
f from gnee=10"1%; b=6.23; S1-S5) 0.0034

Method 3 (based on S1S5) 6.23£ 0.93 45.81+ 4.55 1.544+0.48 4.11+1.23
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Figure 2. Comparison between experimental data $% &énd simulation results (solid line) using the model identified with Method 3. Dotted vertical line
indicates generation of supersaturated state; dashed vertical line indicates the time up to which experimental data is used in the parafoater estimat

Table 3. Prediction of Maximum Undercooling and Average Particle Size for the Data Used in the Parameter Estimation

Method la Method 1b Method 2a Method 2b Method 3
experiment ATmax (°C) ATmax (°C) ATmax (°C) ATmax (°C) ATmax (°C) Lg (um)
S1 3.7 2.2 3.3 3.3 3.2 12.6
S2 5.2 5.7 7.5 7.5 7.2 175
S3 3.7 3.1 4.1 4.1 45 145
S4 4.3 4.1 4.6 4.6 5.1 15.3
S5 4.0 2.6 3.5 3.5 3.3 10.5
avg. abs. 29.2% 19.7% 26.3% 26.4% 20.0% 13.3%

rel. error

Table 4. Prediction of Maximum Undercooling and Average Particle Size for Unforeseen Data

Method la Method 1b Method 2a Method 2b Method 3
experiment ATmax (°C) ATmax (°C) ATmax (°C) ATmax (°C) ATmax (°C) Lg (um)
F1 22.9 9.3 4.2 4.2 8.3 8.6
F2 24.2 10.9 4.9 4.9 10.0 9.3
F3 29.1 18.1 7.7 7.8 12.2 7.3
F4 22.0 8.3 4.1 4.2 8.4 8.6
avg. abs. 165.9% 36.3% 42.8% 42.3% 18.8% 16.6%

rel. error

rated state is generated. After a certain supersaturation isslopes of the linesnf) are approximately equal, and average
reached, the nucleation rate rapidly increases to its maximumabout 3.3, similar to the value bf(= 2.71) obtained from part
value at the maximum supersaturation, after which it decreasesb of Method 1. The model from Method 3 gives an apparent
steeply. The growth rate presents a more gradual variation with nucleation order similar to the apparent nucleation order obtained
supersaturation. from Method 1. Method 1 is based on the assumption that the
Because the model used in Method 3 is general and is cap-onset of nucleation happens when the event is detected at the
able of predicting the experimental observations reasonably induction time {jng) with nuclei forming at their detectable size
well, it is used as a theoretical assessment of the first two (Lg). Equation 5 is derived on the basis of this assumption.
approaches. However, it is more correct to assume that nuclei are formed at
Theoretical Assessment of the MethodsFigure 4 shows their critical sizero — 0 during the period (< t < tjnq, and
the linear dependence of B)(on IN(ATmay from experiments  then they grow in the remaining time intervah{ — t) to a
S1-S5, simulated using the model obtained by Method 3. The detectable sizé&y with growth kinetics described by eq 12.
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Figure 5. Area representing the number of nuclei estimated by Method 2 0.5f
(N2) and Method 3 N3).
In this case, a similar expression to (5) can be derived (see 0 . . . . . .
Appendix) 0 10 20 30 40 50 60 70
pp ! Time (min)
dC* Figure 7. Variation of supersaturation corresponding to the simulated
In(B) = (m—1) |n( dT) +In(K) + mIn(AT,,0 (22) experiment S5, (solid line= integration of the moment model, dotted line

= considering constardC*/dT).

where the significance of the slope and intercept are inherently
different. From the resulting expression for(see Appendix),
the nucleation order can then be written as simulations. However, the exact values of the input parameters
b=4m— 3g— 4 (23) are not regovered because a constant vaIuié:Uf_d_Tis as_sumed
in the derivation of (22). In fact, for the conditions simulated,
Fitting the simulated data in Figure 4 to eq 22 gies 4.6 dC*dT increases by 2545% of the initial values during &
and k, = 38, which are closer to the input values of the t < tjg, which results in the discrepancies observed.
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In Method 2, eq 8 is derived using the nucleation rate  Nuclei of sizero — 0 formed during 0< t < ti,q grow in the
expression based on maximum supersaturation for the entireremaining time intervalt,g — t) to a detectable sizky with
interval 0< t < tjhq, Wwhich overestimates the number of nuclei growth kinetics described by eq 12,
generated during this period. As can be seen in Figure 3, the
nucleation rate varies significantly from the creation of super- | — fti"d kgACQ = ftind kg(d_C" ﬁt)g =
saturation until the maximum supersaturation is reached. As- d t t d
suming a constartC*/dT for 0 < t < tj,q, it can be easily shown kg dc*
that the number of nuclei obtained by Method\)(and Method g+1 (ﬁ
3 (N3) is related by

-t (A2

Using nucleation kinetics given by eq 13, the overall mass

tin of the crystals formed is
N, fo KAChdt y e

b+1 (24)

o _ tin dN _ tin
N [ ACE M= fo" Lakpogp 0= fy LkpdoACTdL (A3)

Substituting egs 7, Al, and A2 into A3, the evaluation of
the integral results in

= k"pc—kbk; (d_C* )39 +b (ATmaX)3g +tb+4

Figure 5 depicts the overestimation of the number of nuclei
formed. The linear dependence betw&brandNj3 for different
operating conditions (using parameters estimated by Method
3) is illustrated in Figure 6 wittN,/N3 ranging from 4.9 to 6.4.
The ratios are smaller than the suggested vabue ( = 7.23) (g+ 1)3 dT p
because of the error introduced by assuming const@tdT.

This is further substantiated by Figure 7, which shows the whereq=1/(b+ 1) —3/(@+ b+ 2)+ 3/(2g + b + 3) —
variation of the supersaturation with time based on the solubility 1/(3g + b + 4).
curve and the assumption of a constd@t/dT. As the actual Defining
supersaturation is higher, more nuclei are generated (lak)er

and the actual values ®,/N; are smaller than that approxi- kvpckbkgs
mated by eq 24. The error due to the assumption of a constant T 1\3
dC*/dT depends on the cooling rate and the initial concentration,

m(g + 1)°
causing the slight dependence of the calculated ratios on theseandm = (39 + b + 4)/4, eq A4 can be written as follows
parameters. 9 €4

m (A4)

1/4

(A5)

~ m— 1ynfeC
4 Conclusions In(8) = (= DIn[Gr] +Ink) + mIn(AT,.) (A6)

The model parameters for the crystallization of paracetamol Which gives eq 22.
from water were determined by applying parameter estimation
to data obtained from metastable zone width experiments. ThisList of Notation
method is based on a simplified by generic dynamic model of
the crystallization process, which describes the solid phase antﬁ
solution concentration without making simplifying assumptions
used in previous approaches. The kinetic parameters are
estimated by fitting the output of the model to informa-
tion provided by concentration and particle size distribution
measurements using ATR-FTIR spectroscopy and. laser back-cmax — maximum solute concentration
scattering (FBRM). The model obtained with this method o= ilibri trati t th tastable limit
captured very well the experimental observations. A detailed met equilibrnium concentration at the metastable fimi
theoretical analysis of the previous methods, based on the mode[" "8 — dlff!,lSIOI’l coefficient
derived by the proposed procedure, demonstrates the extent t _L redﬂc'uon I)actor lation density f .
which errors are introduced by the assumptions used in these(g(_’ H = T#m ter population density function
approaches. The difference in parameter values obtained _—k9f°W rate ; h
between the current method and the previous methods isY = inetic parameter (exponent) for growt

. : : . . Jest = estimation objective function (sum square error
consistent with the assumptions used in the previous approachesl.<9|5‘= number of disc:ete time points ((vvhere ?neasurem(gnts were

taken) in experimenit

= primary number nucleation rate

m = primary mass nucleation rate

b = kinetic parameter (exponent) for nucleation
C = solute concentration

C* = equilibrium concentration of solute

C. = molar density of crystal

Appendix k, = kinetic constant for number nucleation rate
) . o . ki, = kinetic constant for mass nucleation rate

Assuming that nuclei are formed at their critical sige~ 0 ky = kinetic constant for growth rate
during the period 0< t < tpq and then they grow in the k, = volumetric shape factor
remaining time intervaltqq — t) to a detectable sizky with L = characteristic crystal size
growth kinetics described by eq 12, then eq 22 can be derived Lg = size of detectable nucleus
as follows: My = measurement block matrix

The supersaturation in the period=0t < tinq is expressed M4 = parameter sensitivity matrix corresponding to discrete
by a relation similar to eq 7 time point and experimerk;

m = apparent nucleation order obtained from method 1
_dc N, = number of nuclei formed in the time periad (0, ting)
AC= dT pt (A1) calculated with method 2
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Nz = number of nuclei formed in the time peridds (O, ting)
calculated with method 3

Na = Avogadro number

Ngt = number of degrees of freedom

Nex = number of experiments

Ny = number of measured model outputs

Ny = number of model parameters

P = precision matrix

ro = crystal size at nucleation

S = supersaturation ratio

s:? = residual variance

T = temperature

Ts = equilibrium (saturation) temperature

t = time

ting = induction time (time from the generation of supersaturated
state until the particles become of detectable dige,

tw2ng = t distribution with Ngs degrees of freedom

V = covariance matrix

y = model output vector

y~P = experimental measurement vector

Greek symbols

B = cooling rate

AC = supersaturation

ACmax = maximum supersaturation

ATmax = maximum undercooling

@net = heterogeneity factor

ui = i moment of the crystal size distribution given fjfL, t)
6 = model parameter vector

6 = nominal parameter vector

Omin = vector of minimum bounds on model parameters
Omax = vector of maximum bounds on model parameters
pc = density of crystal
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